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Analysis of Single Fiber Pushout Test of Fiber Reinforced Composite with a 
Nonhomogeneous Interphase 

 
Sri Harsha Garapati 

 
ABSTRACT 

 

Fiber pushout test models are developed for a fiber-matrix-composite with a 

nonhomogeneous interphase.  Using design of experiments, the effects of geometry, 

loading and material parameters on critical parameters of the pushout test such as the 

load-displacement curve and maximum interfacial shear and normal stresses are studied.  

The sensitivity analysis shows that initial load displacement curve is dependent only on 

the indenter type and not on parameters such as fiber volume fraction, interphase type, 

thickness of interphase, and boundary conditions.  In contrast, interfacial shear stresses 

are not sensitive to indenter type, while the interfacial radial stresses are mainly sensitive 

to fiber volume fraction and the boundary conditions. 
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CHAPTER 1  LITERATURE REVIEW 

1.1 Introduction 

In a fiber-matrix composite, the material immediately surrounding the fiber called 

the interphase can be different from the bulk matrix. The interphase is a very thin layer 

formed between the fiber and matrix due to chemical reaction between them or may be 

intentionally introduced to improve the properties of composite. Interphase properties 

have a significant effect on the overall structural integrity of the composite. This 

importance of the interphase has led researchers to carry numerous experimental 

characterizations and micro mechanical analysis of the interphase subjected to different 

loading conditions [2]. 

 The pushout test is one of the experimental techniques used for finding the 

interphase properties where the fiber is pushed with an indenter (spherical/flat/cubical, 

etc). The indentation process starts by applying the load and gradually increasing the load 

to a maximum value. The displacement of the fiber is continuously measured as the load 

is increased. Similarly, displacement of the fiber is recorded during the unloading of the 

specimen. Now by drawing a loading / unloading curve, the interphase properties can be 

found [2]. The two important interphase properties are coefficient of friction of fiber-

matrix interphase and the residual radial stress in the interface. Several methods are 

implemented to extract these two properties of the interphase.  
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Figure 1 Schematic Diagram of a Pushout Test of a Composite. 

The pushout specimen is prepared by slicing the composite normal to fiber 

direction and is placed on platform with a hole (Figure 1). The radius of the hole of the 

platform is slightly larger than the radius of the fiber in the specimen. An indenter is used 

to apply load on the fiber. The load applied is gradually increased and simultaneously 

displacements are noted. Usually the indenter radius is about 60-90% of the fiber radius 

[1].  

Fiber pushout test is regarded as the most important widely used experimental 

technique because of the relative simplicity of preparing the specimen and conducting the 

experiment. But the pushout process has certain limitations and they include the 

following. 

1. The values obtained for shear strength and frictional shear stress are average 

values. 

2. Fiber may damage during the loading. 

3. Indenter failure may also occur. 
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1.2 Analytical Modeling 

The above limitations of the fiber pushout test created a demand to model it either 

analytically or numerically. Kerans and Parthasarathy [3] developed an analytical model 

which gives the fiber-end displacement for an applied stress.  Hsueh [4, 5] showed that 

by averaging interfacial shear stress and Poisson’s effect along the sliding length, the 

predictions are surprisingly accurate. Lara-Curzio and Ferber [6] developed a 

methodology to determine the interfacial properties of brittle matrix composites using the 

models developed by Kerans and Parthasarathy [3] and Hsueh [4, 5]. Lara-Curzio and 

Ferber [6] also discussed data analyses techniques by comparing the models developed 

by Kerans and Parthasarathy [3] and Hsueh [4, 5]. 

 The most difficult part of modeling the pushout test is modeling the interface. 

There are three methods used for modeling the interface. They are 

1. Interphase layers model 

2. Cohesive zone model 

3. Spring layers model 

1.2.1 Interphase Layer Model 

Interphase layer model considers that interphase is a distinct layer with a specified                    

thickness. This layer is placed between the fiber and the matrix. Interphase layer model is 

very complicated as it requires numerous parameters to completely describe the behavior 

of the interface. Also the failure of the interface is difficult to ascertain [7].  
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1.2.2 Cohesive Zone Model 

In this model the interface is treated as a separate material with its own 

constitutive relationship. This model is relatively simpler than the interphase layer 

modeling. This model uses only energy based criterion [7]. 

1.2.3 Spring Layer Model 

This is the simplest of all the models. The interface is modeled using spring 

elements with certain stiffness. The spring zone model uses both stress-based and energy-

based criteria [7]. 

1.3 Shear Lag Analysis 

Shear-lag theory was first proposed for modeling the pushout test by Shetty [8]. 

His model predicted the exponential decrease of interfacial shear stress along the fiber 

length. This result is similar to the ones obtained from finite element analysis[9]. His 

theory also provided a basis for determining coefficient of friction and interfacial residual 

stress. He also proposed frictional stress due to sliding could be over estimated if the 

transverse expansion of fibers is not taken into account.  

Shear-lag theory is widely used for analytical based mechanics to evaluate fiber-

matrix interface properties. According to this theory, the interphase is assumed to be a 

thin layer surrounding the fiber. It is also assumed that this thin layer of interface has a 

constant stiffness [2]. 

The pushout force-displacement plot from the test is regressed to a theoretical 

model for determining the coefficient of friction and residual radial stress in the fiber-

matrix interface. By experimentally performing the pushout the force ( ) required to F
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pushout the fibers is found. From the force balance equation, the friction stress near the 

interface can be calculated as. 

 

Equation 1 Force Balance Equation to Calculate the Friction Stress at the Interface [1]. 

In the Equation 1,  is the fiber radius, fr L  is the length of the fiber and rzσ  is the 

shear stress along the fiber-matrix interface [1]. But this assumption is only valid when 

the coefficient of friction is very small or the length of the specimen is very small. This 

assumption is not valid for all the cases because it assumes that the shear stress is uniform 

through the length. But actually when the fiber is pushed by the indenter, the fiber is in 

compression and it expands in the transverse direction due to Poisson’s effect. As the 

fiber expands in transverse direction, it exerts force on the interface which increases the 

normal stress on the interface and in turn the frictional stress at the interface. If the 

Poisson’s effect is not taken into account, the sliding frictional stress can be 

overestimated. Due to Poisson’s effect, the frictional shear stress is nonlinear in nature 

along the length of embedded fiber [1].  Some of the important assumptions in SLA are 

1. Coulomb friction law is assumed at the interface. 

2. Residual radial compression due to thermal coefficients mismatch between the 

fiber and matrix is assumed [1, 7, 10-12]. 

Using these assumptions the experimental data collected is regressed to find the 

mechanical properties of the interface. Huang et al. [2] verified the accuracy of analytical 

solution based on shear-lag assumptions by a finite element method. The analytical 

model failed to capture the values at the top surface due to free edge effects, but in the 

rzf LrF σπ2=
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interior region the finite element results and analytical results are very close to each 

other. 

1.4 Finite Element Modeling  

1.4.1 3-D finite Element Model 

Mital and Chamis [13] developed a 3-D finite element model consisting of nine 

fibers. All the nine fibers were unidirectional and were arranged in three-by-three unit 

cell order. Their finite element model consisted of an interphase between the fiber and the 

matrix, and the interphase thickness was taken as 6.8% of the fiber diameter. The 

material properties of the interphase were assumed to be same as the matrix properties 

except for its shear modulus. Very low shear modulus of the interphase was assumed to 

linearize the simulation up to push through load of the fiber. This procedure was used to 

predict the fiber push through load at any temperature and helped in determining the 

average interfacial shear strength.  

1.4.2 Axisymmetric Model 

Shirazi-Adl [14-16] and Forcione [15] conducted finite element stress analysis of 

a pushout test using an axisymmetric finite element model with two concentric cylinders 

with a common interface. The model was meshed with bilinear quadrilateral elements. 

They studied the effects of material properties and boundary conditions on interfacial 

shear stress. The three cases of material properties they used for their study were 

1. Harder material inside 

2. Identical materials 

3. Softer material inside.  
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They used four different boundary conditions for their study  

1. Outer cylinder is constrained axially at the bottom  

2. Outer cylinder is fixed at the bottom  

3. Outer surface area of outer cylinder is constrained radially  

4. Outer cylinder is fixed in all directions.  

They considered both axial compression and axial torque loads for this study, and 

observed that the shear stress at the interface is almost constant for material property of 

type-1 and boundary conditions 3 and 4. For the same material property type and the 

boundary conditions 1 and 2, the interfacial shear stress varied along the length and the 

maximum value is found at the bottom. Interfacial radial stresses for material property of 

type-1 and boundary condition 4 were of very small magnitude and compressive. For 

boundary conditions 1 and 3, the interfacial radial stress was found to have very large 

values of tensile stress at the bottom and at the top. 

1.4.3 Axisymmetric Model with Friction Elements 

Yuan et al. [7] modeled the single fiber pushout test as an axisymmetric 

cylindrical model. The SiC fiber and titanium matrix were modeled using isoparametric 

4-noded quadrilateral elements. The interface between the fiber and matrix was modeled 

using contact-friction and spring elements. The interface was modeled using the spring 

elements because the analyses was carried based on the stress based criterion [7]. The 

procedure was modulated into two steps as given below. 

First, cooling the matrix from high temperature to room temperature was modeled 

in finite element analyses by using a thermal load. Residual stresses were induced due to 

the mismatch in the coefficient of thermal expansion. Also, we should note that we 
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should have same displacement in the matrix and fiber at the interface through out the 

length of the specimen. The radial displacement at the center of fiber is zero. 

In the second step, pushing the fiber out of the specimen with a flat indenter was 

simulated. In numerical analyses, prescribed displacement was added to the punch until 

the fiber was completely pushed out from the specimen. The boundary condition of axial 

displacement being zero along the supported end was applied. Duplicate nodes were 

created on both fiber and matrix ends. With the use of these duplicate nodes, fiber matrix 

bonding was simulated by connecting the duplicate nodes with spring elements. In this 

analysis, the interface failure was based upon shear stress criterion, that is, when the 

interfacial shear stress was larger than the critical shear stress value, debonding was 

assumed to initiate. When the interface debonded completely, frictional sliding could be 

observed. Coulomb’s law was applied for modeling the frictional sliding. Property 

variation with temperature was included in the analyses. 

The results obtained from the numerical analyses [7] were that the residual 

stresses are symmetric and the shear stresses are asymmetric relative to the center of the 

specimen. 

The shear stress vs. length of the specimen was plotted. From the plot it was 

observed that shear stress was positive (as per the coordinate system used in his study) at 

the loading end, and then slowly decreases and changes to negative stress as we go 

towards the compressive end. 

When a compressive load is applied on the loading end, the load induces 

compressive stress in the specimen. Thus by superimposing the shear stress due to 

compressive loading on the shear stress due to cooling, we observe the shear stress 
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decrease at the loading end and increase at the supporting end and reach the critical shear 

stress value. This provides the support for fiber debonding starting from the supported 

ends. 

Load displacement curves were plotted. The load displacement curve was linear 

up to maximum load after which the load decreased dramatically. This was due to 

complete debonding of the fiber from the matrix. 

The shear stress obtained from the peak load in the pushout test in not the exact 

actual shear stress but it provides a reference value. In this way, numerical analyses are 

helpful in evaluating the interfacial shear strength. 

1.5 Boundary Element Method (BEM) 

Ye and Kaw [1] modeled the pushout test using an axisymmetric model with fiber 

as a solid cylinder and the matrix is modeled as a hollow cylinder. The study concluded 

the following.  

Maximum pushout force is independent of indenter radius, type of indenter and 

radius of hole. 

The interfacial stresses remain constant along the length of the specimen except at 

the top and bottom surfaces. This conclusion from BEM was in agreement with the shear-

lag model proposed by Shetty [8]). 

The coefficient of friction extracted from BEM differed by 15% from the value 

that was obtained from shear-lag model of Shetty [8].  
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1.6 Functionally Graded (FG) Coating 

Functionally graded coatings offer an improvement of 35 % after heat treatment 

and 70% before heat treatment on composite fracture [17]. Hence FG coatings are widely 

used in variety of fields where composite materials are used. SiC monofilaments in Ti 

based matrix are widely used in aerospace applications. Haque and Choy [17] coated SiC 

monofilaments with a FG TiC based coating (SiCf/C/ (Ti,C)/Ti) using a close field un-

balanced magnetron sputtering. The coated fibers were placed in Ti matrix using isostatic 

pressing [17]. Carbon layer within the graded system was weakly bonded to the fiber 

before the heat treatment. This was the reason for easy debonding of the fiber from the 

matrix. After heat treatment, the interfacial shear strength was observed to have 

increased. The percentage of increase depended up on the fiber/matrix and FG type of 

coating. For the above mentioned SiC fiber and Ti matrix, the increase in interfacial 

strength was around 146%. This increase in interfacial shear strength was due to the 

formation of brittle titanium silicide or a ternary compound of SiC/C interface, which 

resulted in better bonding. For the FG coated layers, a reaction layer was found adhered 

to the fiber during the pushout test after heat treatment. The remaining layers were found 

adhered to the matrix itself. The pushout tests were analyzed with scanning electron 

microscopy (SEM) which was equipped with both secondary and back scattered electron 

analysis mode, which helped in identifying the region of failure. 

1.7 Nonhomogeneous Interphase 

The interphase region might have multiple regions of chemically distinct region 

[18]. Interphase is important in mechanics of composites. Jayaram et al. [19, 20] 

reviewed the elastic and thermal effects of interphases, while Chamis [21] and Argon 
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[22] studied the effects of fracture toughness of composites with interphase. Fracture 

mechanics models with nonhomogeneous interphases have been developed by Delale and 

Erdogan [23], Erdogan [24], Kaw [25]. In these studies, the elastic moduli of the 

interphase was assumed to vary exponentially along the radial thickness. Bechel and Kaw 

[26] modeled the interphase, with elastic moduli varying as an aribitary piecewise 

continuous function along its radial thickness. 

Indentation model for thin layer-substrate geometry with an interphase were 

developed by Chalasani et al. [27]. The interphase was modeled either as a 

nonhomogeneous layer or as a homogeneous layer. The analysis based on design of 

experiments (DOE) [28] was carried and it was found that contact depth is not sensitive 

to the type of interphase. Critical interfacial stresses differed significantly for film to 

substrate elastic moduli ratios greater than 25.  It was also found that interphase thickness 

and film to substrate Young’s moduli ratio had the most impact on the critical interfacial 

stresses. The variation of elastic moduli in the interphase and indenter radius had the least 

impact [27]. 

This study was carried on thin (film) layer-substrate geometry and in this study 

nonhomogeneous interphase was modeled between the film and the substrate. This study 

laid the foundation for the present work, single fiber pushout test with a nonhomogeneous 

interphase. In the present study the nonhomogeneous interphase is modeled between the 

fiber and the matrix. 

1.8 Comparison Between Multi and Single Fiber Pushout Test 

Till now we confined the total discussion to single fiber pushout test only. Let us 

now discuss the multi-fiber pushout test and compare it with the single fiber push out test. 
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Single and multi-fiber pushout tests were carried out on Nicalon/glass (Corning 1723) 

composite to examine the interfacial properties by Jero et al. [3]. A mμ10  flat probe was 

used in single fiber pushout test to push the fiber out of the matrix where as in multi-fiber 

pushout test mμ100  flat probe was used [3]. The loading and unloading curve was 

obtained in both the cases. The experimental observation of various fibers with the above 

mentioned two processes resulted in the following conclusions [3]. 

1. It was only possible to push fibers from thinnest of the multi-fiber specimens 

(0.53 mm). In thicker samples (0.95 and 1.70), fibers were crushed before complete 

debonding. 

2. Single fiber pushout tests were easy to conduct where as multi-fiber tests were 

difficult. 

3. The data obtained from the multi-fiber test was more scattered when compared 

to single fiber. 

4. Multi-fiber pushout test effectively magnified fiber/matrix roughness mismatch 

and compressive stress due to Poisson’s expansion. 

1.9 Present Work 

In this study, I am studying the pushout test differently from the previous studies 

as follows.  

First, most studies neglect the presence of a separate interface layer called the 

interphase.   These separate layers may be either created due to the normal processing of 

a composite or by intention to develop a composite with better properties.  Haque and 

Choy [17] proved experimentally that SiC/Ti composites with interphases offer an 

improvement on composite fracture of 35-70% and an increase in the interfacial strength 
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of around 146%. Since the characterization of the fiber-matrix interface is dependent on 

the results obtained from a pushout test, we have developed a model for the test that not 

only incorporates the interphase but also one which can be nonhomogeneous. 

Second, I wanted to study the effect of various parameters on the results of the 

test.  I wanted to quantitatively answer the question of how do the type of indenter, 

boundary conditions of the specimen, fiber volume fraction, thickness of interphase to 

fiber radius ratio, and type of interphase model effect the load-displacement curve and the 

critical interfacial stresses as these are the parameters that characterize the most of the 

intrinsic mechanical properties of the fiber-matrix interface.   

I accomplish these two objectives by first developing a finite element analysis 

model that is capable of incorporating these parameters, and then using a design of 

experiments (DOE) study to develop clear conclusions from a parametric study. 
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CHAPTER 2  FORMULATION  

2.1 Finite Element Modeling 

The finite element program of ANSYS 11.0 [9] was used for conducting 

simulations in this study. ANSYS [9] is chosen because it has the capability of solving 

nonlinear contact problems. 

For this study axisymmetric half space of the indentation model is developed 

instead of 3D indentation model because axisymmetric model takes relatively much less 

time than the 3D model. Chudoba et al. [29], conducted a study using spherical 

indentation of both 3D model and the axisymmetric model and the results deviated by 

less than 0.1% from Hertzian theory (ANSYS [9]) for a homogeneous half space. 

2.1.1 Geometry 

An axisymmetric finite element model of homogeneous fiber surrounded by a 

homogeneous matrix separated by a nonhomogeneous interphase and the whole fiber-

interphase-matrix surrounded by a composite is modeled. The geometry of the problem is 

shown in Figure 2. The model consists of homogeneous fiber, nonhomogeneous 

interphase, homogeneous matrix and composite of infinite length and finite radius of 

 and  respectively.  Young’s modulus and Poisson’s ratio vary arbitrarily along 

the width of nonhomogeneous interphase where as, they are constant in the homogeneous 

fiber, matrix and composite part of the model. 

mif rrr ,, cr
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Figure 2 Schematic Diagram of the Fiber-Interphase-Matrix-Composite Model 

2.2 Meshing the Geometry 

An axisymmetric model is developed in ANSYS [9] with homogeneous fiber-

matrix and composite properties. The nonhomogeneous interphase is modeled with 

nonhomogeneous properties between the fiber and the matrix. The nonhomogeneous 

interphase is modeled as series of  sub homogeneous layers.  The model is meshed with 

4 node iso-parametric elements (PLANE182). The mesh on the top surface of the fiber 

(region of indentation) and at the interfaces of the fiber, interphase, matrix, and 

composite is refined several times to catch the stresses and displacements on the top of 

the fiber when load is applied and to simulate the perfect bonded contact between the 

n
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fiber, interphase, matrix and composite. The meshed finite element model is shown in 

Figure 3. 

 
Figure 3 Meshed Model of Composite with Nonhomogeneous Interphase 

2.2.1 PLANE182 

PLANE182 is a 2-D structural element in ANSYS [9] element library. It could be 

used for plane stress, plane strain and axisymmetric problems. It is defined by four nodes 

having two degrees of freedom at each node (translation in X and Y directions). The 

element has plasticity, hyperelasticity, stress stiffening, large deflection, and large strain 

capabilities. It also has mixed formulation capability for simulating deformations of 

nearly incompressible elastoplastic materials, and fully incompressible hyperelastic 

materials. 

 16



www.manaraa.com

 
Figure 4 Structure of PLANE182 

2.3 Modeling the Bonded Contact in the Composite 

 The contact between the fiber and interphase, sublayers of interphase, interphase 

and matrix and matrix, and composite is modeled as a bonded contact using contact 

elements (CONTA 171 and TARGET 169) in ANSYS [9] element library. The interfaces 

in the finite element model are to be modeled as bonded contact to satisy the continuity 

equation mentioned in Section 2.5. 
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Figure 5 Contact and Target Elements at the Interfaces 

In Figure 5, the violet pink color elements are the contact elements and the 

elements shown in yellow color are the target elements at various interfaces in the 

composite model. 

2.4 Properties 

2.4.1 Fiber and Matrix 

For this study, a glass/epoxy composite is chosen. The Young’s modulus and 

Poisson’s ratio for the glass fiber and epoxy matrix are taken from the data available in 

the literature. The Young’s modulus and Poisson’s ratio of the glass fiber and epoxy 

matrix are given in Table 1. 

 18



www.manaraa.com

 

Table 1 Young’s Modulus and Poisson's Ratio of Fiber and Matrix 

Material Elastic modulus (GPa ) Poisson’s ratio 

Glass fiber 72.6 0.2 

Epoxy matrix 2.4 0.3 

 

2.4.2 Interphase 

The properties of the interphase are calculated assuming the elastic moduli are 

varying exponentially or linearly through the radial thickness. If the properties are 

varying exponentially, then along the radial thickness of the interphase Young’s modulus 

and Poisson’s ratio are given by  

if
br rrraerE ≤≤= ,)(  

Equation 2 Exponential Variation of Young's Modulus along the Radial Thickness of 
Interphase                                                                                                          

if
dr rrrcer ≤≤= ,)(ν  

Equation 3 Exponential Variation of Poisson's Ratio along the Radial Thickness of 
Interphase                                                                                                          

where , , and  are found using the Young’s modulus and Poisson’s ratios 

at the edges of the layer 

a b c d

( )if rrrr == , . 

If the properties are varying linearly, then along the radial thickness of the 

interphase Young’s modulus and Poisson’s ratio are given by  
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if rrrbrarE ≤≤+= ,)(  

Equation 4 Linear Variation of Young's Modulus along the Thickness of the Interphase                                         

if rrrdrcr ≤≤+= ,)(ν  

Equation 5 Linear Variation of Poisson's Ratio along the Thickness of the Interphase 

where, , , and  are found using the Young’s modulus and Poisson’s ratios 

at the edges of the layer 

a b c d

( )if rrrr == , . 

Poisson’s ratio and the Young’s modulus at the edges of sub-layers are given by 

)()1(
)(

)(

)1(

)(

jiji

r

r
ji rr

drr
ji

ji

−
=

−

∫
−

ν

ν  

Equation 6 Poisson's Ratio of the jth layer of Interphase                                                                    

)()1(
)(

)(

)1(
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jiji

r

r
ji rr

dxrE

E

ji

ji

−
=

−

∫
−  

Equation 7 Young's Modulus of the jth Layer of the Interphase                                                              

Where, )( jiν  =Poisson’s ratio of  sublayer of the interphase,  =Young’s 

modulus of  sublayer of the interphase, 

thj )( jiE

thj nnj ,1,...,2,1 −= ,  subscript for the 

interphase. 

=i

Note that when  , 1=j fji rr =− )1( . Also when nj = , . iji rr =− )1(
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2.4.3 Composite 

The properties of the composite were obtained by applying Sutcu’s recursive 

concentric cylinder model [30]. 

2.4.3.1 Axial Properties 

The equations used to calculate the axial properties of composite by using 

recursive cylinder model are given below. In the equations,  in the subscript represent 

the number of the concentric cylinder (example: 

N

1=N  represent innermost cylinder, that 

is, fiber), e  in the superscript represent the effective property and A  in the superscript 

represent the axial direction (example:  represent Young’s modulus, 

Poison’s ratio and shear modulus, respectively in axial direction considering  

concentric cylinders and  represent the Young’s modulus, Poison’s ratio and 

shear modulus, respectively in axial direction of the cylinder). 
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Equation 8 Equations for Calculating the Axial Properties of the Composite 

Where, . 3,2,1=N

When , only the fiber is considered. All the properties such as  

will be equal to the properties of the fiber, that is, , , 

. When , the effective properties will be due to the combination 

fiber and the interphase. When 

1=N Ae
N

Ae
N

Ae
N GvE ,,

f
A
N

Ae
N EEE == f

A
N

Ae
N vvv ==

f
A
N

Ae
N GGG == 2=N

3=N , the effective properties will be due to the 

combination of fiber, interphase and matrix. Thus at the end of , the effective 

properties of the composite in axial direction are obtained. 

3=N

2.4.3.2 Tangential Properties 

The equations required for the extraction of properties in tangential direction are 

given below. The nomenclature is same as the above equations and T  in the superscript 

represents the tangential direction.  

 

T
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Equation 9 Equations for Calculating the Tangential Properties 

where  

3,2,1=N . 

When , only fiber is considered. All the properties such as  

will be equal to the properties of the fiber, that is, , , 

. 

1=N Te
N

Te
N

Te
N GvE ,,

f
T
N

Te
N EEE == f

T
N

Te
N vvv ==

f
T
N

Te
N GGG ==

Note that when , 1=N 01=−N , then all the values of the terms with 1−N  in 

subscript are zero. 

When , the effective properties will be due to the combination fiber and the 

interphase. When , the effective properties will be due to the combination of fiber, 

interphase and matrix. Thus at the end of 

2=N

3=N

3=N , the effective properties of the composite 

in tangential direction are obtained.  

2.4.3.3 Radial Properties 

As the composite material used for this study is assumed to be transversely 

isotropic, the properties of the composite are same in tangential and radial directions.  

Hence, the properties of the composite in the polar coordinate system are 

obtained.  

 24



www.manaraa.com

2.5 Continuity Conditions 

2.5.1 Fiber-Interphase 

The continuity conditions at interface between fiber and interphase for bonded 

contact are given by [27]. 

lzzrzr f
i
rf

f
r ≤≤= 0),,(),( σσ  

               Equation 10 Radial Stress Continuity in Fiber-Interphase Interface 

lzzrzr f
i
rzf

f
rz ≤≤= 0),,(),( σσ  

Equation 11 Shear Stress Continuity in Fiber-Interphase Interface 

lzzruzru f
i
rf

f
r ≤≤= 0),,(),(  

Equation 12 Radial Displacement Continuity in Fiber-Interphase Interface                                                   

lzzruzru f
i
zf

f
z ≤≤= 0),,(),(  

Equation 13 Axial Displacement Continuity in Fiber-Interphase Interface                                                     

where,  = radial stress at the interface of fiber and interphase in the 

fiber,  = radial stress at the interface of fiber and interphase in the interphase, 

 = shear stress at the interface of fiber and interphase in the fiber,  = 

shear stress at the interface of fiber and interphase in the interphase,  = radial 

displacement at the interface of fiber and interphase in the fiber,  = radial 

displacement at the interface of fiber and interphase in the interphase,  = axial 
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displacement at the interface of fiber and interphase in the fiber,  = axial 

displacement at the interface of fiber and interphase in the interphase. 

),( zru f
i
z

2.5.2   Sub Layers of Interphase 

The continuity conditions at sub-layer interfaces of interphase ( ijij hr = or 

, where 0)1( =+jir 1,2,...,3,2,1 −−= nnj ) are given by 

lzzrzr ji
ji

rji
ji

r ≤≤= +
+ 0),,(),( )1(

)1(
)(

)( σσ  

Equation 14 Radial Stress Continuity at the Interface of jth and j+1th Sublayer of Interphase                                     

lzzrzr ji
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)( σσ  

Equation 15 Shear Stress Continuity at the Interface of jth and j+1th Sublayer of Interphase                                      
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Equation 16 Radial Displacement Continuity at the Interface of jth and j+1th Sublayer of 
Interphase                                                                   
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Equation 17 Axial Displacement Continuity at the Interface of jth and j+1th Sublayer of 
Interphase      

where, = radial stress at the  interface of sublayer in the 

interphase, = shear stress at the   interface of sublayer in the interphase, 

= radial displacement at the   interface of sublayer in the interphase, 

= axial displacement at the   interface of sublayer in the interphase. 

),( )(
)( zr ji

ji
rσ thj

),( )(
)( zr ji

ji
rzσ thj

),( )(
)( zru ji

ji
r

thj

),( )(
)( zru ji

ji
z

thj

 26



www.manaraa.com

2.5.3  Interphase-Matrix 

The continuity conditions at interface between interphase and matrix are given by 

lzzrzr i
m
ri

i
r ≤≤= 0),,(),( σσ  

Equation 18 Radial Stress Continuity at Interphase-Matrix Interface                                                        

lzzrzr i
m
rzi

i
rz ≤≤= 0),,(),( σσ  

Equation 19 Shear Stress Continuity at Interphase-Matrix Interface 

lzzruzru i
m
ri

i
r ≤≤= 0),,(),(  

Equation 20 Radial Displacement Continuity at Interphase-Matrix Interface 

lzzruzru i
m
zi

i
z ≤≤= 0),,(),(  

Equation 21 Axial Displacement Continuity at Interphase-Matrix Interface                                                    

where,  = radial stress at the interface of interphase and matrix in the 

interphase,  = radial stress at the interface of interphase and matrix in the 

matrix,  = shear stress interface of interphase and matrix in the interphase, 

 = shear stress at the interface of interphase and matrix in the matrix, 

 radial displacement at the interface of interphase and matrix in the interphase, 

 = radial displacement at the interface of interphase and matrix in the matrix, 

 = axial displacement at the interface of interphase and matrix in the interphase, 

 = axial displacement at the interface of interphase and matrix in the matrix. 
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2.5.4 Matrix-Composite 

The continuity conditions at interface between matrix and composite are given by 

lzzrzr m
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r ≤≤= 0),,(),( σσ  

Equation 22 Radial Stress Continuity at Matrix-Composite Interface                                                         
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Equation 23 Shear Stress Continuity at Matrix-Composite Interface                                                         
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Equation 24 Radial Displacement Continuity at Matrix-Composite Interface                                                   
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Equation 25 Shear Displacement Continuity at Matrix-Composite Interface                                                   

where,  = radial stress at the interface of matrix and composite in the 

matrix,  = radial stress at the interface of matrix and composite in the 

composite,  = shear stress at the interface of matrix and composite in the 

matrix,  = shear stress at the interface of matrix and composite in the 

composite,  = radial displacement at the interface of matrix and composite in 

the matrix,  = radial displacement at the interface of matrix and composite in 

the composite,  = axial displacement at the interface of matrix and composite in 

the matrix,  = axial displacement at the interface of matrix and composite in the 

composite. 
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2.6 Boundary Conditions 

Because of axisymmetry, the center line of fiber, 0=r  is constrained along the 

radial direction. 

lzlu f
r ≤≤= 0,0),0(  

Equation 26 Axisymmetric Condition                                                                                   

The specimen is constrained at the bottom in axial direction ( ) as follows. lz =

mi
m
z rrrlru ≤≤= ,0),(  

Equation 27 Matrix Constrained in its Axial Direction at its Bottom End                                                      

cm
c
z rrrlru ≤≤= ,0),(  

Equation 28 Composite Constrained in its Axial Direction at its Bottom End                                                  

This condition represents a hole in the pushout test. From the previous studies 

[31] we know that the radius of the hole has negligible impact on the indentation results.   

In this study two types of boundary conditions (BC-1 and BC-2) are applied. 

2.6.1 Boundary Condition -1 (BC-1) 

In the first type (BC-1) the composite is stress free at its radial edge ( crr = ). The 

equations which represent the BC-1 are given below. 

lzzrc
r ≤≤= 0,0),(σ  

Equation 29 Radial Stressfree Condition at the Radial Edge of the Composite                                                  
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lzzrc
rz ≤≤= 0,0),(σ  

Equation 30 Shear Stressfree Condition at the Radial Edge of the Composite 

 
Figure 6 Composite with BC-1 

2.6.2  Boundary Condition-2 (BC-2) 

In the second type of boundary condition (BC-2), the matrix is constrained at its 

radial edge ( ) [2]. mrr =

lzzru m
m
r ≤≤= 0,0),(  

Equation 31 Radial Displacement Constrained at the Radial Edge of the Matrix                                                

lzzru m
m
z ≤≤= 0,0),(  

Equation 32 Axial Displacement Constrained along the Radial Edge of the Matrix                                              

This boundary condition is modeled by assuming the composite as a rigid body by 

assigning the Young’s modulus of composite as 100 times the Young’s modulus of the 

fiber and the Poisson’s ratio as 0.48.  
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2.7 Loading 

Three types of indenter loads are applied – load due to a spherical indenter, a flat 

indenter and a uniform pressure. 

2.7.1 Spherical Indenter 

The spherical indenter is modeled as a quarter (model is axisymmetric) rigid 

sphere by assigning its Young’s modulus as 100 times that of the fiber and its Poisson’s 

ratio as 0.48.   

A constant load,  is applied to the fiber via pressure,  on the top plane of the 

spherical indenter (see 

P sp

Figure 7),   

2R
Pps π

=  

Equation 33 Pressure Applied on the Spherical Indenter 

where, 

=R  radius of the spherical indenter. 
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Figure 7 Schematic Diagram of Spherical Indenter Loading 

2.7.1.1 Radius of Contact 

Many initial trial runs in ANSYS [9] using spherical indenter loading with various 

combinations of the factors (boundary conditions of the specimen, fiber volume fraction, 

thickness of interphase to fiber radius ratio, and type of interphase model) show that the 

contact area does not vary by more than 1%. The contact radius is found by checking the 

contact status of the contact and target elements on the top surface of the fiber near the 

contact area. 
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Figure 8 Contact between the Fiber and the Indenter 

Hence, the contact area between the indenter and fiber depends only on the elastic 

moduli of the fiber and the indenter.  It was also noted that the radius, a  of the contact 

area between the fiber and the spherical indenter was within 1% of what Fischer-Cripps, 

et al. [32] calculated using the following formulas. 
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Equation 34 Fischer-Cripps Equation to Calculate the Contact Radius 
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Where,  = Young’s modulus of fiber, fE fν  = Poisson’s ratio of fiber,  = 

Young’s modulus of indenter, 

inE

inν  = Poisson’s ratio of indenter. 

Note that the above equations are for the case of a spherical indentor loaded on a 

homogeneous half-plane. 

2.7.2 Uniform Pressure Loading 

The case of the uniform pressure indenter is only a hypothetical indenter and is 

considered in this study only because some studies [2] model the indentation as a uniform 

pressure. The uniform pressure loading is applied on the fiber over a finite length. The 

value of the length over which this uniform pressure is applied is equal to the value of 

contact radius, a  found from the spherical indenter loading case. The uniform pressure 

( ) is calculated using the formula given below.   up

2a
Ppu π

=   

Equation 35 Uniform Pressure Applied on the Fiber 
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Figure 9 Schematic Diagram Illustrating Uniform Pressure Loading 

2.7.3 Flat Indenter 

The flat indenter is modeled as a cylinder with a circular cross-section of radius, 

 on the fiber. Like the spherical indenter, the flat indenter is treated as rigid and its 

elastic moduli are chosen to be same as that of the spherical indenter.  A uniform pressure 

 is applied on the top plane of the flat indenter.  

a

up
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Figure 10 Schematic Diagram of Flat Indenter Loading 

This allows the contact area and total load to be the same, but permits different 

distributions of load due to the three indenters. 

2.8 Factors for Sensitivity Analyses 

2.8.1 Type of Indenter  

Type of indenter plays an important role in fiber pushout test. It determines the 

amount of load that can be applied on the fiber. For example, for the load applied through 

flat indenter may take the fiber beyond the yield point but, for the same load applied 

through spherical indenter may not yield the fiber. 

In this study, three loading conditions are applied. These loading conditions are 

Uniform Pressure, Spherical Indenter, and Flat Indenter. 

2.8.2 Fiber Volume Fraction 

The fiber volume fraction is defined as the ratio of volume of fiber to the volume 

of composite. 
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f

r
r

FVF =  

Equation 36 Fiber Volume Fraction 

Fiber volume fraction plays an important role in determining the elastic moduli of 

the composite [33].  

2.8.3 Thickness of Interphase to Radius of Fiber Ratio (TIRFR) 

It is the ratio of thickness of the interphase layer present between fiber and matrix 

to radius of the fiber.  

Functionally graded coatings offer an improvement of 35 % after heat treatment 

and 70% before heat treatment on composite fracture [17]. The increase in interfacial 

toughness is dependent on type of fiber/matrix, type of coating, and the thickness of 

coating (thickness of interphase). This is the reason for considering this as a factor in this 

study.  

For this study, we use TIRFR values of 1/10, 1/15 and 1/20. 

2.8.4 Type of Interphase 

As discussed in the Section 2.8.3, coatings improve the interfacial toughness to 

large extent. The extent of increase of the interfacial toughness depends on the type of 

coating. The coatings may be homogeneous or nonhomogeneous. Also the extent of 

nonhomogenity (variation of elastic moduli) depends up on the type of coating.  

The type of interphase is in this study defined by how the elastic moduli vary 

along the radial thickness of the interphase. The nonhomogenity is described either by a 

linear or exponential variation of the Young’s modulus and Poisson’s ratio. 
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2.8.5 Boundary Conditions 

 Boundary conditions influence the interfacial stresses. Galbraith et al. [10] 

carried the pushout test and found that the interfacial stresses can be reduced to great 

extent by keeping a layer on the back face of the specimen.  

Two kinds of boundary conditions are applied in our study. One considers the 

composite as stress-free at its radial edge (BC-1), and other one constrains the matrix at 

its radial edge (BC-2). 

2.9 Responses for Sensitivity Analyses 

2.9.1 Load to Contact Depth Ratio (LCDR) 

We used load to contact depth ratio (LCDR) as a response for this study because 

the LCDR is the measure of interphase properties such as shear modulus [2]. The 

equation for LCDR is given by Equation 37. Note that it is not a nondimensional number.    

δ
PLCDR =  

Equation 37 Load to Contact Depth Ratio                                                                                

Where, P = Load applied, δ = Displacement at the top (contact depth).  

2.9.2 Normalized Maximum Interfacial Radial Stress (NMIRS) 

   The NMIRS is defined as the nondimensional ratio of the maximum tensile 

interfacial radial stress ( max),( zrf
i
rσ ) to the average stress applied over the contact area, 

that is, 
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Equation 38 Normalized Maximum Radial Stress at the Fiber-Interphase Interface      

NMIRS is taken as a response for this study because when the fiber is loaded, the 

crack initiation is observed at the back face of the specimen when the interfacial tensile 

radial stress exceeds the bond strength [10, 34-37].  

In this study, the maximum interfacial tensile radial stress is taken as the 

interfacial tensile radial stresses cause fiber debonding from the matrix.                                                      

2.9.3 Normalized Maximum Interfacial Shear Stress (NMISS) 

The NMISS is defined as the nondimensional ratio of the magnitude of maximum 

interfacial shear stress ( max),( zrf
i
rzσ ) to the average stress applied over the contact area, 

that is, 

lz
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zr
NMISS f

i
rz ≤≤= 0,
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2
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π

σ
 

Equation 39 Normalized Maximum Shear Stress at the Fiber-Interphase Interface      

In this study, the absolute value of the maximum interfacial shear stress is taken 

because positive or negative direction of the shear stress is completely dependent on the 

coordinate axes chosen.                                                                   
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2.10 Modeling the Contact between the Fiber and the Indenter 

The regions, near the top surface of the fiber and the bottom surface of the 

indenter are meshed very densely.  The top surface of the fiber is meshed with target 

elements (TARGET 169) and the bottom face of the indenter, which comes in contact 

with the fiber when load is applied, is meshed with contact elements (CONTA 171). 

 
Figure 11 Finite Element Model of Composite with Spherical Indenter 

Figure 11 shows the finite element model of composite with a spherical indenter 

modeled.  The spherical indenter is modeled as a quarter sphere as the model is 

axisymmetric. 
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CHAPTER 3  VALIDATION OF MODEL 

Initially a homogeneous half space meshed with PLANE182 elements and loaded 

by an axisymmetric pressure loading is examined.  

The stresses and displacements in the finite element model show good agreement 

with the classical Terezawa’s [38] solution for a semi-infinite medium of homogeneous 

half space with an axisymmetric arbitrary pressure loading. 

Before starting the ANSYS [9] runs for all the combinations of factors, several 

checks are performed to ensure the accuracy of the model. Accuracy of the model is 

checked for each indenter loading case as follows. 

3.1 Spherical Indenter  

Spherical indenter loading is applied on the fiber by applying a pressure,  on 

the top plane of the spherical indenter (see 

sp

Figure 7). Radius of contact,  is obtained by 

checking the contact status of the contact elements in ANSYS [9].  

a

3.1.1 Contact Between the Indenter and Fiber 

Using an APDL code, all the nodal information of the nodes (node number, 

location of node, displacements, all stress components, and all elastic strains) on the top 

surface of the fiber and whose x -coordinate (radial distance from the center of the fiber) 

is less than 1.5 times the contact radius are written to a text file. Now using a MATLAB 
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[39] program, this file is analyzed, and each and every nodal data is read into an array 

inside MATLAB. Axial displacement and axial stresses are cubic spline interpolated with 

respect to the radial distance from the center of the fiber. After the spline interpolation, 

the axial stress and displacements are plotted against the radial distance from the center 

of the fiber.  (Note: All the nodes are taken on the top surface, so the -coordinate would 

be zero for all the nodes).  

y

 
Figure 12 Typical Distribution of Normalized Axial Stress Along the Normalized Radial 

Distance from the Center of the Fiber for Spherical Indenter 

 
Figure 13 Typical Distribution of Normalized Axial Displacement Along the Normalized 

Radial Distance from the Center of the Fiber for Spherical Indenter 

Figure 12 and Figure 13, both the axes are normalized. The axial stress is 

normalized with the pressure applied for the uniform pressure indenter (see Equation 35). 

The radial distance and the axial displacements are normalized with the contact radius. 
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From Figure 12, it can be clearly seen that the axial stress is distributed parabolically in 

the contact area. The axial stress suddenly becomes near-zero value after passing the 

contact radius. It is also observed that the contact radius found in ANSYS [9] by 

checking the contact status of the contact elements is equal to the contact radius extracted 

from MATLAB program. Also the load applied on the fiber is calculated using 

MATLAB program from the axial stress data available. 

∫=
a

zmatlab rdrP
0

2πσ  

Equation 40 Total Load on the Fiber using the Axial Stress Data on the Top of the Fiber 

Total load applied on the spherical indenter is calculated using 

)()( 2RpP s π=  

Equation 41 Total Load Applied on the Fiber through Spherical Indenter 

It is observed that the loads, P  and  differ by less than 1%. This verifies our 

contact between the fiber and indenter as the load applied is obtained back by integrating 

the axial stresses over the contact area. 

matlabP

3.1.2 Bonded Contact Between the Interfaces 

Using an APDL code, displacement, shear stress in radial-axial plane, and the 

radial stresses of the nodes at the interfaces of the fiber-interphase, sublayers of 

interphase, interphase-matrix and matrix-composite are written to text files. By analyzing 

the text files using a MATLAB program, it is found that the displacements and stresses of 

the nodes of either side of the interface differ by less than 1%. This validates the bonded 

contact between the interfaces in the model. 
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3.2 Uniform Pressure Indenter  

Uniform pressure indenter loading is applied on the fiber by applying a uniform 

pressure,  on the top plane of the fiber (see up Figure 9).  

3.2.1 Contact Between the Indenter and Fiber 

Using an APDL code, all the nodal information of the nodes (node number, 

location of node, displacements, all stress components, and all elastic strains) on the top 

surface of the fiber and whose x -coordinate (radial distance from the center of the fiber) 

is less than 1.5 times the contact radius are written to a text file. Now using MATLAB 

program, this file is analyzed and each and every nodal data is read into an array inside 

MATLAB. Now axial displacement and axial stresses are cubic spline interpolated with 

respect to radial distance from the center of the fiber. After the spline interpolation, the 

axial stress and displacements are plotted against the radial distance from the center of 

the fiber.  

 
Figure 14 Typical Distribution of Normalized Axial Stress Along the Normalized Radial 

Distance from the Center of the Fiber for Uniform Pressure Indenter 
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Figure 15 Typical Distribution of Normalized Axial Displacement Along the Normalized 

Radial Distance from the Center of the Fiber for Uniform Pressure Indenter 

Figure 14 and Figure 15, both the axes are normalized. The axial stress is 

normalized with the pressure applied over the uniform pressure indenter. The radial 

distance and the axial displacements are normalized with the contact radius. From the 

Figure 14, it can be clearly seen that the axial stress is uniform in the contact area and is 

equal to  and decreases immediately to a very low value after the contact radius. It is 

also observed that the contact radius found in ANSYS [9] by checking the contact status 

of the contact elements is equal to the contact radius extracted from MATLAB. Also the 

load applied on the fiber is calculated using MATLAB program from the axial stress data 

available using 

up

Equation 40 . 

Total load applied on the fiber using uniform pressure indenter is calculated using 

the following formula. 

)()( 2apP u π=  

Equation 42 Load Applied on the Fiber through Uniform/Flat indenter 
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It is observed that the loads,  and  differ by less than 1%. This verifies our 

contact between the fiber and indenter as the load applied is obtained back by integrating 

the axial stresses over the contact area. 

P matlabP

3.2.2 Bonded Contact Between the Interfaces 

Using an APDL code, displacement, shear stress in radial-axial plane, and the 

radial stresses of the nodes at the interfaces of the fiber-interphase, sublayers of 

interphase, interphase-matrix and matrix-composite are written to text files. By analyzing 

the text files using a MATLAB program, it is found that the displacements and stresses of 

the nodes of either side of the interface differ by less than 1%. This validates the bonded 

contact between the interfaces in the model. 

3.3 Flat Indenter  

Flat indenter loading is applied on the fiber by applying a pressure,  on the top 

plane of the flat indenter (see 

up

Figure 10).  

3.3.1 Contact Between the Indenter and Fiber 

Using an APDL code, all the nodal information of the nodes (node number, 

location of node, displacements, all stress components, and all elastic strains) on the top 

surface of the fiber and whose x -coordinate (radial distance from the center of the fiber) 

is less than 1.5 times the contact radius are written to a text file. Now using MATLAB 

program, this file is analyzed and each and every nodal data is read into an array inside 

MATLAB. Now axial displacement and axial stresses are cubic spline interpolated with 

respect to radial distance from the center of the fiber. After the spline interpolation, the 
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axial stress and displacements are plotted against the radial distance from the center of 

the fiber.  

 
Figure 16 Typical Distribution of Normalized Axial Stress Along the Normalized Radial 

Distance from the Center of the Fiber for Flat Indenter 

 
Figure 17 Typical Distribution of Normalized Axial Displacement Along the Normalized 

Radial Distance from the Center of the Fiber for Flat Indenter 

Figure 16 and Figure 17, both the axes are normalized. The axial stress is 

normalized with the pressure applied over the uniform pressure indenter. The radial 

distance and the axial displacements are normalized with the contact radius. From Figure 

17, the axial displacement is clearly uniform in the contact area and decreases 

 47



www.manaraa.com

immediately after the radius of contact. Also from Figure 16, it can be clearly observed 

that the axial stress increases through the contact radius, and reaches a maximum value at 

the contact radius. Beyond the contact radius, it drops to a very low value. It is also 

observed the contact radius found in ANSYS [9] by checking the contact status of the 

contact elements is equal to the contact radius extracted from MATLAB. Also the load 

applied on the fiber is calculated using the MATLAB program from the axial stress data 

available using Equation 40. 

Total load applied on the fiber using the flat indenter is calculated using Equation 

42. 

It is observed that the loads,  and  differ by less than 1%. This verifies our 

contact between the fiber and indenter as the load applied is obtained back by integrating 

the axial stresses over the contact area. 

P matlabP

3.3.2 Bonded Contact Between the Interfaces 

Using an APDL code, displacement, shear stress in radial-axial plane, and the 

radial stresses of the nodes at the interfaces of the fiber-interphase, sublayers of 

interphase, interphase-matrix and matrix-composite are written to text files. By analyzing 

the text files using MATLAB program, it is found that the displacements and stresses of 

the nodes of either side of the interface differ by less than 1%. This validates the bonded 

contact between the interfaces in the model. 

3.4 Validation with Huang SLA and Finite Element Model 

Huang et al. [2] verified the accuracy of an analytical solution based on shear-lag 

assumptions by a finite element method model, and concluded that their shear-lag model 
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results are with in 1% of the finite element results. In their model, they used the boundary 

condition, BC-2 and applied a uniform pressure,  applied on the top of the entire 

fiber, as given by 

huangp

f
f

huang rrz
r
Pp ≤≤== 0,0,2π

 

Equation 43 Loading Condition for Huang Model 

Shear-lag model relates the shear modulus of the interphase to LCDR as given 

below [2]. 

D
G

LCDR i=  

Equation 44 LCDR from Huang's Shear Lag Model 
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Equation 45 Intermediate Parameters to be Calculated for LCDR using Huang's Model 

where, 

iG = Shear modulus of interphase, 

mG = Shear modulus of the matrix. 
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Huang et al. [2] found that the values obtained by the Equation 44 are within 1% 

of the finite element model. We verified this with our own finite element model by 

applying the same boundary conditions and load as Huang, et al. [2]. The results were 

within 2% of Huang’s [2] model. However, Huang’s [2] FEM model makes many 

assumptions such as 

1. Uniform loading over the fiber radius (when actually load is only applied only 

over a small area). 

2. Homogeneous interphase (when actually interphase may be nonhomogeneous). 

3. Constrained matrix along the radial edge (when actually it is surrounded by a 

cylinder with composite properties). 

Only the first of the above three assumptions is quantitatively critical. Loading by 

spherical indenters occurs only over a very small area of the fiber. Approximating this 

loading as distributed throughout the fiber can underestimate the shear modulus of the 

interphase by the order as much as 1000. 

3.5 Validation Using Interfacial Stresses 

In this validation, interfacial stresses are observed when load is applied. 

3.5.1 Validation Using Interfacial Radial Stress 

The interfacial radial stress is very large and compressive at the top end, 

decreases, and almost stays constant (near zero value) along the length of the fiber and 

changes to a positive value (tensile) as it reaches the bottom end of the composite. This 

distribution of interfacial radial stress is in agreement with the BEM [1]. 
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Figure 18 Typical Distribution of Normalized Interfacial Radial Stress Along the 

Normalized Length of the Fiber 

In the Figure 18, the interfacial radial stress is normalized with the pressure 

applied on uniform indenter. The length of the fiber is normalized with the fiber radius. 

Integrating the radial stress along the radial surface area of the fiber gives the force 

applied on the fiber in radial direction. As there is no force applied in the radial direction 

the value comes out to be zero. 

02
0

=∫
L

i
rf dzr σπ  

Equation 46 Force in Radial Direction from the Interfacial Radial Stress 
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Figure 19 Typical Distribution of Normalized Interfacial Radial Displacement Along the 

Normalized Length of the Fiber 

In Figure 19, the interfacial radial displacement is highly negative at the top face 

(loading end), then along the length of the fiber increases gradually and changes to a 

positive value.  It becomes a near zero value at the back face of the fiber. 

3.5.2 Validation Using Interfacial Shear Stress 

It is also observed the interfacial shear stress is very small (near zero) at the top 

face of the fiber and increases to certain length of the fiber and again gradually decreases 

along the length of the fiber and reaches a near zero value at the bottom end of the fiber. 
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Figure 20 Typical Distribution of Normalized Interfacial Shear Stress Along the Normalized 

Length of the Fiber 

In the Figure 20, the interfacial shear stress is normalized with the pressure 

applied on the uniform indenter. The length of the fiber is normalized with the fiber 

radius. Integrating the shear stress along the radial surface area of the fiber gives the axial 

load applied on the fiber. 

∫=
L

i
rzf dzrP

0

2 σπ  

Equation 47 Axial Force Applied on the Fiber from the Interfacial Shear Stress 
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Figure 21 Typical Distribution of Normalized Interfacial Axial Displacement Along the 

Normalized Length of the Fiber 

In Figure 21, the interfacial axial displacement is highly negative at the top face 

(loading end), and then along the length of the fiber increases gradually. The maximum 

negative axial displacement is found at the top face (loading end) and the minimum is 

found at the back face. The interfacial axial displacement is negative throughout the fiber 

length. 
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CHAPTER 4  RESULTS AND CONCLUSIONS 

This study uses a formal Design of Experiments (DOE) [27] analysis to quantify 

the effects on parameters  

1. LCDR, 

2. NMIRS, 

3. NMISS, 

due to the parameters 

1. Type of indenter, 

2. Fiber volume fraction, 

3. Thickness of interphase, 

4. Type of interphase, and 

5. Boundary conditions. 

For this purpose we designed experiments using mixed level full factorial design. 

The five factors chosen for the mixed level full factorial design and their levels are shown 

in Table 2. 
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Table 2 Values of Different Levels of the Factors 

Factor Symbol Level 1 Level 2 Level 3 

Type of Indenter A Uniform Pressure 

Indenter 

Spherical Indenter Flat Indenter 

Fiber Volume 

Fraction 

B 0.5 0.6 0.7 

Thickness of 

Interphase to 

Fiber Radius 

Ratio 

C 1/20 1/15 1/10 

Type of 

Interphase 

D Linear Exponential _ 

Boundary 

Conditions 

E BC-1 BC-2 _ 

 

An APDL code is developed and the results are obtained for all the test runs. The 

APDL code is developed such that the values of LCDR is written to a text file consisting 

of the values of the factors in that run as its file name at the end of each run. Also the 

interfacial stresses are also written to a different text file at the end of each run. Now 

using MATLAB [39] program, the data from the each file is read into an array, spline 

interpolated (cubic spline interpolation) and the value of NMIRS and NMISS are 

determined in each run. These values are written into a different excel file and DOE 

analysis is carried using Minitab [40] to quantify the effect of the above factors on the 

responses. 
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4.1 Responses for the Sensitivity Analyses 

4.1.1 Load to Contact Depth Ratio (LCDR) 

Figure 22 shows the normalized load to contact depth ratio for different indenters.  

The normalization is done with respect to the load to contact depth ratio of the spherical 

indenter. Figure 22 show that, the flat indenter gives the higher LCDR value for the same 

load. This also shows that the LCDR can differ by as much as 20 to 50% between the 

types of indenter.           
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Figure 22 Normalized LCDR as a Function of Type of Indenter.                                                            

Table 3 shows that only the type of indenter has the significant effect on LCDR. 

All other factors have near-zero effect on load to contact depth ratio (LCDR). 
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Table 3 Percentage Contribution of Factors to Load to Contact Depth Ratio 

SOURCE PERCENTAGE 

CONTRIBUTION 

A 99.9 

(A= Type of Indenter, B= Fiber Volume Fraction, C= Thickness of Interphase to 

Fiber Radius Ratio, D= Type of Interphase, E=Boundary Conditions) 

4.1.2 Normalized Maximum Interfacial Radial Stress (NMIRS) 

When indenter load is applied on the fiber, interfacial radial stress at the top face 

is found to be compressive and it is found to be tensile at the back face of the specimen 

(see Figure 18). The NMIRS used in this study is the maximum tensile interfacial radial 

stress obtained from the back face of the specimen. 

Figure 23, Figure 24, and Figure 25 show typical parametric curves for the 

normalized maximum interfacial radial stress as a function of the fiber volume fraction 

for different boundary conditions, interphase thickness, and type of interphase 

respectively. 
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Figure 23 Normalized Maximum Interfacial Radial Stress as a Function of Fiber Volume 

Fraction for Uniform Pressure Indenter, Linear Type of Interphase, and TIRFR=1/20. 

In the pushout test, both interfacial radial and hoop stresses are dependent on the 

specimen configuration. Figure 23 shows that, the value of NMIRS for BC-1 is higher 

than that for BC-2. For the boundary condition, BC-2, the radial edge of matrix is totally 

constrained, and hence the bulging that occurs when the load is applied on the fiber is 

reduced greatly as compared to the boundary condition, BC-1, where the radial edge of 

the composite is free [10]. This resulted in the lower value of NMIRS for BC-2. Figure 

23 show that, the NMIRS differ as much as by 48% with boundary conditions for higher 

fiber volume fraction and differ as much as by 115% for lower fiber volume fraction. 
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Figure 24 Normalized Maximum Interfacial Radial Stress as a Function of Fiber Volume 

Fraction for Spherical Indenter Loading, Linear Type of Interphase, and BC-1 

Figure 24 shows NMIRS for different interphase thickness as a function of fiber 

volume fraction. Figure 24 show that, the NMIRS differ as much as by 39% with type of 

interphase for higher fiber volume fraction and differ as much as by 22% for lower fiber 

volume fraction. The value of NMIRS decreases with the increase in thickness of the 

interphase. 

 
Figure 25 Normalized Maximum Interfacial Radial Stress as a Function of Fiber Volume 

Fraction for Flat Indenter Loading, TIRFR=1/20, and BC-2. 

Figure 25 shows NMIRS for different types of interphase as a function of fiber 

volume fraction. Figure 25 show that, the NMIRS differ as much as by 9% with type of 
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interphase for higher fiber volume fraction and differ as much as by 11% for lower fiber 

volume fraction. 

Table 4 shows that the normalized maximum interfacial radial stress is sensitive 

to boundary conditions (57%), fiber volume fraction (20%), combined effect of fiber 

volume fraction and boundary conditions (15%), thickness of interphase (3%), and type 

of interphase (1%). What is more evident is that the normalized maximum radial stress at 

the interface is not sensitive to the type of indenter. 

Table 4 Percentage Contribution of Factors to NMIRS 

SOURCE PERCENTAGE CONTRIBUTION 

B 19.88 

C 3.23 

D 1.21 

E 57.45 

B*E 14.73 

C*E 1.20 

(A= Type of Indenter, B= Fiber Volume Fraction, C= Thickness of Interphase to 

Fiber Radius Ratio, D= Type of Interphase, E=Boundary Conditions) 

4.1.3 Normalized Maximum Interfacial Shear Stress (NMISS) 

Figure 26 shows typical parametric curves for the normalized maximum 

interfacial shear stress as a function of the fiber volume fraction for the two different 

boundary conditions. Figure 26 also shows that the value of NMISS increases with 

increase of fiber volume fraction. 
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Figure 26 Normalized Maximum Interfacial Shear Stress as a Function of Fiber Volume 

Fraction for Uniform Indenter, Linear Type of Interphase, and TIRFR=1/20 

Figure 26 show that, the NMISS differs as much as by 12% with type of 

interphase for higher fiber volume fraction, and differs as much as by 14% for lower fiber 

volume fraction. 

 
Figure 27 Normalized Maximum Interfacial Shear Stress as a Function of Fiber Volume 

Fraction for Spherical Indenter Loading, Linear Type of Interphase, and BC-1 

Figure 27 show that the NMISS differs by as much as 16% with type of 

interphase for higher fiber volume fraction and differs as much as by 20% for lower fiber 

volume fraction. The NMISS value increases with the thickness of the interphase. 
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Figure 28 Normalized Maximum Interfacial Shear Stress as a Function of Fiber Volume 

Fraction for Flat Indenter Loading, TIRFR=1/20, and BC-2. 

Figure 28 shows NMISS for different types of interphase as a function of fiber 

volume fraction. Figure 28 show that the NMISS differs as much as by 8% with type of 

interphase for higher fiber volume fraction and differs as much as by 9% for lower fiber 

volume fraction. 

Table 5 shows that the normalized maximum interfacial shear stress is mainly 

sensitive to fiber volume fraction (30%), boundary conditions (27%), thickness of 

interphase (23%), and the type of interphase (18%). What is more evident is that the 

normalized maximum shear stress at the interface is also not sensitive to the type of 

indenter. 
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Table 5 Percentage Contribution of Factors to Normalized Interfacial Maximum Shear Stress 

SOURCE PERCENTAGE CONTRIBUTION 

B 30 

C 23.25 

D 18.28 

E 26.91 

(A= Type of Indenter, B= Fiber Volume Fraction, C= Thickness of Interphase to 

Fiber Radius Ratio, D= Type of Interphase, E=Boundary Conditions) 

4.2 Conclusions 

The objective of this study was to study the effect of various geometrical, loading 

and material parameters in the pushout test where the interphase is modeled as a 

nonhomogeneous interphase. Since the load-displacement curve and the interfacial 

stresses dictate the characterization of the fiber-matrix interface, these parameters are 

used as the response variables in a design of experiments study.   

Shear-lag models approximate the distributed loading on the entire fiber, but this 

assumption can underestimate the shear modulus of the interphase by the order as much 

as 1000. 

The quantitative analysis showed that flat indenter gives higher LCDR value than 

spherical and uniform pressure indenters. The LCDR value can change from 20 to 50% 

depending upon the type of indenter used for pushout test. 

Depending upon the boundary conditions the NMIRS value can change from 50 

to 115%. Thickness of interphase changes the value of NMIRS from 22 to 39%. The 
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interfacial radial stress decreases with the increase in thickness. Also the type of 

interphase can change the NMIRS value from 9 to 11%.   

NMISS value can change up to 14% depending upon the boundary conditions. 

Thickness of the interphase changes the NMISS value up to 20%. The interfacial shear 

stress increases with the increase in fiber volume fraction, irrespective of the other 

parameters. 

The sensitivity analysis showed that load to contact depth ratio is dependent only 

on the indenter type, while the interfacial radial stresses are not sensitive to indenter type.  

The interfacial shear stresses are mainly sensitive to fiber volume fraction, boundary 

conditions, thickness of interphase, and type of interphase. 
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